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Hamiltonian and inverse-Hamiltonian vector fields

M− manifold,

C (M) − the space of all smooth real-valued functions on M,

duality map: T ∗M × TM → R , 〈γ, v〉 (x) = v(γ)(x), v ∈ TM,
γ ∈ T ∗M,

tensor fields of second order:

(
Πij
)
= Π, Π(γ1, γ2) ∈ R, Πγ ∈ TM,

(Ωij ) = Ω, Ω(v1, v2) ∈ R, Ωv ∈ T ∗M,

(
Φi

j

)
= Φ, Φ(v , γ) ∈ R, Φv ∈ TM, Φγ ∈ T ∗M.
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Hamiltonian and inverse-Hamiltonian vector fields

Definition

Poisson tensor Π of co-rank r on M of dimM = m, is a bivector, which in
local coordinates (x1, ..., xm) takes the form

Π =
m

∑
i<j

Πij∂i ∧ ∂j , ∂k ≡
∂

∂xk
, (1.1)

where

∑
r

(
Πjr∂rΠik + Πir∂rΠkj + Πkr∂rΠji

)
= 0.

The kernel of Π is spanned by r exact one-forms

ker Π = Sp{dc(x)}i=1,...,r . (1.2)

A function f ∈ C (M) is called a Casimir function of Π if df ∈ ker Π.
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Definition

A vector field XH , related to function H ∈ C (M) by

XH = ΠdH (1.3)

is called the Hamiltonian vector field with respect to Π. H is called a
Hamiltonian function.

Definition

A presymplectic tensor Ω of co-rank r on M is a two-form that is closed,
i.e. dΩ = 0. In a local coordinate system on M

Ω =
m

∑
i<j

Ωij dxi ∧ dxj , (1.4)

where the closeness condition is

∂iΩjk + ∂kΩij + ∂jΩki = 0.

Maciej B laszak (Poznań University, Poland) LECTURE I 4 / 17



Hamiltonian and inverse-Hamiltonian vector fields

The kernel of Ω is an integrable distribution

ker Ω = Sp{Zi}i=1,...,r , [Zi ,Zj ] = 0.

Definition

A vector field XH , related to function H ∈ C (M) by

ΩXH = dH, (1.5)

is called the inverse-Hamiltonian vector field with respect to Ω.
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Non-degenerate case. Symplectic manifold

If co-rank r = 0, then m = 2n.

Non-degenerated closed two-form ω: symplectic form.

Non-degenerated Poisson bivector π: implectic bivector.

In that case
ω−1 = π =⇒ XH = XH .

Implectic tensor π induces a Lie algebra on the space C (M):

{., .}π : C (M)× C (M)→ C (M).

{F ,G}π(x) := 〈dF , πdG 〉 (x) = π(x)(dF , dG ). (1.6)
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Non-degenerate case. Symplectic manifold

In fact, there holds

{F ,G}π = −{G ,F}π antisymmetry

{F ,GH}π = {F ,G}πH + G{F ,H}π Leibniz rule

{F , {G ,H}π}π + c .p. = 0 Jacobi indentity

This particular Lie algebra is called a Poisson algebra.
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Non-degenerate case. Symplectic manifold

The Poisson bracket (1.6) can be defined by symplectic form
ω = π−1, as:

{F ,G}ω := ω(XF ,XG ) = 〈ωXF ,XG 〉 =
〈

ωX F ,XG

〉
= 〈dF , πdG 〉

= π(dF , dG ) = {F ,G}Π (1.7)

According to Darboux theorem, there always exist local coordinates
(x1, ..., x2n) (global on M = R2n), such that

π =
n

∑
i=1

∂xi ∧ ∂xn+i , (πij ) =

[
0 In
−In 0

]
,

ω =
n

∑
i=1

dxn+i ∧ dxi , (ωij ) =

[
0 −In
In 0

]
.

ωπ = πω = I2n, (x1, ..., x2n)− canonical coordinates.

Maciej B laszak (Poznań University, Poland) LECTURE I 8 / 17



Dynamical systems on M. Flows.

ut = XH(u) = πdH(u) = πωXH(u) = XH(u). (1.8)

Let Q be a position manifold (configuration space) of dimQ = n.
Then, a Poisson manifold is M = T ∗Q of dimM = 2n, with local
chart (global for Q = Rn) (q, p)− canonical position and momenta
coordinates. M is called a phase space.
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Hamiltonian flows on pseudo-Riemann space

Let (Q, g) be a pseudo-Riemann space with covariant metric tensor g
and local coordinates (q1, ..., qn). Let G = g−1 be a contravariant
metric tensor.
The Levi-Civita connection components are defined by

Γi
jk =

1

2

n

∑
r=1

G ir (∂kgrj + ∂jgkr − ∂rgjk), ∂k ≡
∂

∂qk
.

The equations

qitt + Γi
jkq

j
tq

k
t = G ik∂kV (q), i = 1, ..., n (1.9)

describe the motion of a particle in the pseudo-Riemann space Q with
the metric g , under potential V (q).
Obviously, for G = I (1.9) reduces to Newton equations of motion.
Eqs. (1.9) are equivalent to Lagrangian equations

δL = 0, L =
1

2 ∑
i ,j

gijq
i
tq

j
t − V (q).
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Hamiltonian flows on pseudo-Riemann space

We can pass to the standard Hamiltonian description on M = T ∗Q,
where

h(q, p) =
n

∑
i=1

qit
∂L

∂qit
− L =

1

2 ∑
i ,j

G ijpipj + V (q),

pi =
∂L

∂qit
= ∑

j

gijq
j
t .

The equations of motion on M are[
q
p

]
t

= πdh =

[
0 In
−In 0

] [ ∂h
∂q
∂h
∂p

]
= Xh. (1.10)

For V (q) = 0 we have geodesic motion.
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Henon-Heiles system

On M = T ∗Q 3 (q1, q2, p1, p2) consider Hamiltonian function

h =
1

2
p2

1 +
1

2
p2

2 + q3
1 +

1

2
q1q

2
2

and related Hamiltonian dynamics

q1t = p1

q2t = p2

p1t = −3q2
1 −

1

2
q2

2

p2t = −q1q2.
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Liouville integrable systems

Consider
ut = Xh(u) = πdh(u), u = (q, p)T . (1.11)

Function f (u) is called constant of motion of (1.11) if

{f (u), h(u)}π = 0.

Let M be a symplectic manifold of dimM = 2n, with dynamical
system given by h(u).

Assume that the system has n constant of motion f1, ..., fn in
involution

{fi , fj}π = 0

for all i , j and differentials dfi are independent at each T ∗uM.
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Liouville integrable systems

Fix a point a ∈ Rn and consider a map

F : M → Rn, F = (f1, ..., fn).

It is regular map by the assumption abaut dfi , so Ma := F−1(a) is a
smooth n-dimentional submanifold for each a ∈ Rn.

Moreover it is a Lagrangian submanifold as :

ω(Xfi ,Xfj ) = (fi , fj}π = 0

and Xfi ⊂ TuMa.
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Theorem

(Liouville-Arnold)

1 If Ma is compact and connected, then it is diffeomorphic to T n =
Rn/Zn, the n−dimensional torus.

2 In the vicinity of Ma there are cannonical coordinates (I1, ..., In,
ϕ1, ..., ϕn) (0 ≤ ϕi ≤ 2π), action-angle coordinates, in which (1.11)
reads

Iit = 0, ϕit = ςi (I1, ..., In) =
∂h(I1, ..., In)

∂Ii
.

It is quasi periodic motion on T n. For the realization of periodic
motion, additionally:

n

∑
i=1

niςi = 0, ni ∈ Z.

In principle, the system is integrable in quadratures. In practice, we
can do it in very particular cases, only. For example, if we can find a
coordinates in which h separates onto n one-dimensional systems.
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Canonical transformations

Consider: (q, p)→ (Q,P)

π = ∑
i

∂qi ∧ ∂pi , ω = π−1 = ∑
i

dpi ∧ dqi

⇓
π′ = ∑

i

∂Qi
∧ ∂Pi

, ω′ = π′−1 = ∑
i

dPi ∧ dQi .

Consider smooth function F (q,P), called generating function of

canonical transformation, such that
∣∣∣ ∂2F

∂q∂P

∣∣∣ 6= 0.

Define

pi =
∂F

∂qi
≡ Fqi , Qi =

∂F

∂Pi
≡ FPi

.

Then,

dp = Fqqdq + FPqdP
dQ = FPqdq + FPPdP

=⇒
dq = F−1

Pq dQ − F−1
Pq FPPdP

dp = FqqF
−1
Pq dQ +

(
FqP − FqqF

−1
Pq FPP

)
dP
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Canonical transformations

so we have

∑
i

dpi ∧ dqi = ∑
i

dPi ∧ dQi .

In a similar fasion one finds:

F (q,Q) =⇒ p = Fq, P = −FQ ,

F (p,P) =⇒ q = −Fp, Q = −FP ,

F (Q, p) =⇒ q = Fp, P = FQ .
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